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A Piecewise deterministic Markov Process

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.
0

0.
5

1.
0

1.
5

fig. 1

time

M
em

br
an

e 
po

te
nt

ia
l

Pierre Hodara Estimating the spiking rate for a model of interacting neurons.



N : the number of neurons. X i
t ∈ [0,K ] : the membrane potential

of neuron i at time t.

P (i has a jump between t and t+dt) = f
(
X i
t

)
dt.

X i
t = X i

0 − λ
∫ t

0
(X i

s −m)ds −
∫ t

0

∫ ∞
0

X i
s−1{z≤f (X i

s−)}N
i (ds, dz)

+
1

N

∑
j 6=i

∫ t

0

∫ ∞
0

1{z≤f (X j
s−)}N

j(ds, dz).

Lϕ(x) =
N∑
i=1

f (xi ) [ϕ(∆i (x))− ϕ(x)]− λ
∑
i

(
∂ϕ

∂xi
(x) [xi −m]

)
,

with

(∆i (x))j =

{
xj + 1

N j 6= i
0 j = i

}
.
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The aim is to build an estimator for the intensity function f from
the observation of the trajectory up to a time t.
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definition of the estimator

We define the jump times :

T i
0 = 0,T i

n = inf{t > T i
n−1 : X i

t− > 0,X i
t = 0}, n ≥ 1,

and introduce the following measures :

Jump measure : µ(dt, dx) =
N∑
i=1

∑
n≥1

1{T i
n<∞}δ(T i

n,X
i

T i
n−

)(dt, dx).

Occupation time measure : η(A× B) =

∫
A

(
N∑
i=1

1B(X i
s )

)
ds
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definition of the estimator

We define the estimator with a compact support Kernel Q
satisfying

(1) Q ∈ Cc(R+),

∫
R+

Q(y)dy = 1,

in the following way :
(2)

f̂t,h(a) =

∫ t
0

∫
RQh(y − a)µ(ds, dy)∫ t

0

∫
RQh(y − a)η(ds, dy)

, avec Qh(y) :=
1

h
Q
(y
h

)
.

We are interested in the error in L2 uniformly on a given Hölder
class of functions H(β,F , L, fmin) of order β = k + α.
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Ergodicity

Theorem

The process X is positif Harris reccurent, with unique invariant
measure π, i.e. for all B ∈ B([0,K ]N),

π(B) > 0 implies Px

(∫ ∞
0

1B(Xs)ds =∞
)

= 1

for all x ∈ [0,K ]N .
Moreover, there exists constants C > 0 and κ > 1 such that

sup
f ∈H(β,F ,L,fmin)

‖Pt(x , ·)− π‖TV ≤ Cκ−t .
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Definitions

Recall the definition of the estimator :

f̂t,h(a) =

∫ t
0

∫
RQh(y − a)µ(ds, dy)∫ t

0

∫
RQh(y − a)η(ds, dy)

.

This estimator is well defined on events of the type

At,r :=

{
1

Nt

∫ t

0

∫
R
Qh(y − a)η(ds, dy) ≥ r

}
.
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Convergence of the estimator

Theorem

There exists a constant r∗ > 0 such that,

(i) for ht := t−
1

2β+1 , for all x ∈ [0,K ]N ,

lim sup
t→∞

sup
f ∈H(β,F ,L,fmin)

t
2β

2β+1E f
x

[
|f̂t,ht (a)− f (a)|2|At,r∗

]
<∞.

(ii) Moreover, for ht = o(t−1/(1+2β)), and for all
f ∈ H(β,F , L, fmin) we have the weak convergence under P f

x :√
tht
(
f̂t,ht (a)− f (a)

)
→ N (0,Σ(a))

with Σ(a) = f (a)
Nπ1(a)

∫
Q2(y)dy .
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Optimal speed of convergence

Theorem

For all a ∈ Sd ,k and x ∈ [0,K ]N , we have

lim inf
t→∞

inf
f̂t

sup
f ∈H(β,F ,L,fmin)

t
2β

1+2β E f
x [|f̂t(a)− f (a)|2] > 0,

where inf is considered on the set of all possible estimators f̂t(a)
for f (a).
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Practical results on simulations
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Practical results on simulations
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